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Abstract 

We propose new formulas for eigenvectors of the Gaudin model in the sl(3) case. 
The central point of the construction is the explicit form of some operator P, which 
l/-} is used for derivation of eigenvalues given by the formula 

ON " 

T^j- , oo pn 

T^j- ■ I Wi,W 2 ) = J2 — | Wi,W 2 ,0) 

• ■ n=0 n - 

in 

where wi, W2 fulfil the standard well- know Bethe Ansatz equations 

OO 
O 

1 Introduction 

In 1973 M. Gaudin [1-3] proposed a new class of integrable quantum models. These 
models were first formulated for the algebra g = sl(2) and studied intensively by many 
authors. Let the generators e, / and h form a standard basis in g — sl(2). Let (A) = 
(A^, . . . , A^) be a set of dominant integral weight of sl(2). Consider the tensor product 
V(\) = ^a(i) <8> • • • <8> V X (N) and associate a complex number Z{ with each factor V x ^) of this 
tensor product. 

For any element x G sl(2) denote x^' the operator l®...®x(g)...l, which acts as x 
on the i th factor of Vt\). The Gaudin hamiltonians are mutually commuting operators 



H i = l^- ; 



Z; t Zj 



One of the main problems in Gaudin's model is to find eigenvectors and eigenvalues of 
these operators. 
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The Bethe Ansatz method [2,4-6] is maybe the most effective method for solving the 
Gaudin model in the g = si (2) case. It is trivially sees that the tensor of the highest 
vectors of V^co's | 0) = v X (i) <8> v X (2) <%>■■■<%> v X (n) is an eigenvector in V\. One constructs 
other eigenvectors by acting on this vector by the operators 

N f(i) 

F(w r ) = Z— 

t=l W r — Zi 

depending on auxiliary parameters wi, w 2 , ■ ■ ■ , w n . The vectors obtained in this way are 
called Bethe vectors. These vectors are eigenvectors of the Gaudin model if 

N 2 

^2 Yl = f° r r — l,...,n 

is fulfilled. These equations are called Bethe Ansatz equations. In Section 2 we will briefly 
repeat the derivation of this well know calculation. 

In the nineties of the last century Feigin, Frenkel and Reshetikhin [7] proved the 
formulas for eigenvectors of the general semisimple Lie algebra g. The eigenvectors should 
be constructed by applying the operators fj l \ j = 1, . . . , / connected with simple roots 
to the vacuum | 0). If now F 1 (w 1 ) and F 2 (w 2 ) do not commute, we are not able to find 
Bethe equations for Fi(wi)F 2 (w 2 ) |0). So it is needed to add some extra terms. The 
right formula can be extracted from solutions of the KZ equation [8] (and in fact can be 
obtained as quai-classical asymptotics of such solutions [9].) 

tU) fU) fU) 

N ./; Li ■■■Li 



w[\w\\. E riT — : -xr-^ 1 — ? \ tI«>- ( 2 ) 



Here the summation is taken over all ordered partitions I 1 U I 2 U . . . U I N of the set 
{1, . . . , m}, where P = i 3 2 , . . . , 

The main result of our paper is formulated in Section 3. For construction of eigenvec- 
tors we use not only the operators Fj(w) which are connected with simple roots but the 
operators which are connected with non-simple roots. 

Explicitly, we will study the case g = sl(3). In this case, the Lie algebra has two simple 
roots and the corresponding generators are fi and f 2 will define and F 2 (w 2 ). For 

the non-simple root and the generator f 3 = [f 2 , f\] we will define F 3 (w) in a similar way. It 
should be mentioned that in the above construction such operators were not used. Again, 
as in the sl(2) case, the tensor of the highest vectors of V^.'s is an eigenvector in V\. We 
will denote it by | 0) and by 

I Wi, W 2 , W 3 ) = Fl (101,1)1^(^2) . . . ^1(^1^)^2(102,1) • • • F 2 (^2,^)^3(^3,1) • • • ^3(^3,m) I 0) . 

We will define by P the linear mapping 

P I 0, w 2 , w 3 ) = P I wi, 0, w 3 ) = , 

P I W l5 W 2 , W 3 > = V |Wl ~ Wl - W2 "^ W3 + ^ ) . 

^ W 2 , s ~ Wi :r 

r,s ' 

Our main theorem shows that the vectors 

00 pn 

I wi, w 2 ) = E — r I w i> w 2> 0) • 

n=o n\ 

are eigenvectors of the Gaudin model if the Bethe Ansatz equations are fulfilled. 
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2 The Gaudin model for sl(2) 



The sl(2) Gaudin model was studied by many authors [1-3,10,12-18] from different points 
of view. In this section, we will concentrate on the well-know Bethe Ansatz method for 
finding eigenvectors and eigenvalues [2,4-6]. 

Let the generators e, / and h form a standard basis in sl(2) which fulfil the commu- 
tations relations 

[h t e]=2e, [h,f]=-2f, [e, f] = h. (3) 
For the second order Casimir operator we obtain 



C = ef + fe + \ h 2 



We will define 



N f(i) N Ji) N U{i) 

F(u) = E J ^i E(u) = E^—, H(u) = Z^- (4) 

i = \U Z{ 1=1^ Z% i=l" 2*i 

The central point in the Gaudin model is played by the operator 

T(u) = \ (e{u)F{u) + F(u)E(u) + § H 2 (u)^ . (5) 

It is possible to rewrite operator (jSJ) in the form 

n u N C® 



t\U — Zi 2 i=\{u — Zi) 2 

where Hi are given by (DO) and CW is the Casimir operator acting on the i th factor of V(\) ■ 
It is easy to show that from the commutation relations ([3]) and the definitions (j4j) we 
obtain for u ^ w 

[E(u),E(wj\ = [F(u),F(w)] = [H(u),H(w)] =0, 
rn/ \ j-, f o H(u) - H(w) 



u — w 

[H(U),E( W )]=-2 E{U) - E{W 

u — w 

F(u) - F(w) 



[H(u),F[ 



w 



u — w 

For construction of the Gaudin model we will use the highest representations 

e®v x v=0, h®v x(i) = \®v xii) . 

It is easy to see that the vector | 0) = v x w ® v x p) <E> • • • <E> v X ( N ) is eigenvectors of T{u) and 
the relations 

N 

£(w)|0) = 0, H{u) | 0) = X(u) \ 0) = J2 l°)> T (u)\0) = r(u)\0) , 

j=l U ~ %% 

where t(u) = \ \ 2 {u) — ~ A' (it) are hold. 
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We fix notation 

F(w) = F(w 1 )F(w 2 )...F(w n ), 

F(w - w r ) = F( Wl ) . . . F(w r . 1 )F{w r+1 ) . . . F{w n ) , 

F(w + u) = F(u)F(wi) . . . F(w n ) 

and we can try to obtain, in accordance with the Bethe Ansatz method, further eigenvalues 
| w) = F(w) |0). 

Direct calculation gives 



F(w + u — w r 
^1 u — w r \ w r — w s , 

Applying this equation to the hight vector | 0) we obtain 

T(u)\w) =T (u)|w)+T 1 (u)|w) , (6) 



T (u) | w) = r(u) | w) - t (A(«) - E - 



where 

w) 

Ti (u w = EUK - E ) • 

r= l\ s ^ r VJ r — W s J U — W r 

It is evident that | w) is the eigenvector T(u) for all u iff 

T i ('u)|w) = and T (u) | w) = t(u; w) | w) . 
The first equation is equivalent to the Bethe equations 

AK)-E = ° for all r = 1, n (7) 

s+r W r - W s 

and the second condition gives corresponding eigenvalue 

r(«; w) = r(«) - E^^ + E 7 w r ■ (8) 

r=1 M — U> r r ^ s (tl — W r ){W r — W s ) 

3 The Gaudin model for sl(3) 

The sl(3) Gaudin model was studied by many authors [19-21] from different points of 
view. We will concentrate again on finding eigenvectors and eigenvalues. We use the 
method analogous to that in section 2 for the case sl(2). In this chapter, we formulate 
the main result of our paper. 

We will start with a basis in gl(3), e^, i,j = 1, 2, 3, where 
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The standard basis in sl(3) is then given by 

ei = ei2 , e 2 = e 23 , e 3 = ei 3 , /i = e 2 i , / 2 = e 32 , / 3 = e 31 , 
hi = [ei,/i] = en - e 22 and h 2 = [e 2 , / 2 ] = e 22 - e 33 . 
The second order Casimir operator is defined by 

<? 2 = ei/i + e 2 / 2 + e 3 / 3 + /id + / 2 e 2 + / 3 e 3 + § + h x h 2 + ^) . 

So the Gaudin Hamiltonian is defined as 

I(u) = \ (F 1 (u)E 1 (u) + F 2 {u)E 2 {u) + F 3 {u)E 3 {u) + 

+E 1 (u)F 1 (u) + E 2 (u)F 2 (u) + £ 3 (ii)F 3 (u)) + 
+| (H*(u) + H^ujH^u) + Hl(u)) , 

where 

TV r (i) 

*(«) = E- 



Direct calculation gives for u 7^ w the relation 

W,yH]=- Z(tt) " ZW iff [x,y] = z. 

u — w 

To fix the notation we write 

F j( w j) = Fj(wi,i)Fj(w lt2 ) . . . F j (w 1>kj ), F(wi, w 2 ,w 3 ) = Fi(wi)F 2 (w 2 )F 3 (w 3 ) 

and 

I Wi,w 2 , w 3 ) = F(wi, w 2 , w 3 ) I 0) . 

The main idea is to use these vectors for construction of eigenvectors of I(u). Any 
long but straightforward calculations give 

I(u) I Wi, w 2 , w 3 ) = (li{u) + I 2 {u) + I 3 (u) + I (u)j I Wi,W 2 , w 3 ) , 

where 

h{u) = I^u) + lr(u) , I 2 {u) = I°(u) + I 2 (u) + I+(u) , 
h{u) = I$(u) + I+(u) , /„(«) = I° (u) + I+(u) 

and 

i?(u)\w u w 2 ,-w 3 ) = e(aiK,)-£ + E E ) x 

r V r^r w l,r - Wl,r s Wl,r ~ W 2;S t W 1>r - W 3>t J 

Wi + U - W hr , W 2 , W 3 ) 



-E 



-E 



X- 

U — Wi jT 

Wl + tt- Wi >r , W 2 + W 1>r ~ W 2 , s , W 3 ) 

(U - W 1:r )(w ljr - W 2jS ) 
Wi + U - W hr , W 2 , W 3 + W 1>r - W 3>t ) 



l x (u) I Wi,W 2 ,W 3 ) = -E 



r,t (U ~ W 3jt )(w 3jt ~ W hr ) 

Wi + U, W 2 + w 3tt , W 3 - w 3tt ) 



t u - w 3it 
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I$(u) I Wi, W 2 ,W 3 ) = E( A 2(^2,s) + E " E 



E: 



1 



X 



X ■ 



Wl, r ^s w 2,s-W 2 ,s t U-W 3:t , 
Wi, W 2 + U- W 2 , a , W 3 ) 



J 2 (u) I Wi,W 2 ,W 3 ) = E 



U - W 2 , s 

Wi + io 3;t , w 2 + u, w 3 - iy 3jt ) 



7 2 + (m)|w 1 ,w 2 ,w 3 > 



Wi - W 2 + M ~ W 2 ,s ~ W2,?, W 3 + W i;r ) 

(u - wi, r )(« - u7 2 , s )(m - u> 2 ,s) 



I wi,w 2 ,w 3 ) = Ef A 3(w 3 , t ) - E E E — - — ) 



r W 3:t ~ W ljT s W 3jt ~ W 2 , s t^t W ^ ~ W 3,t' 
Wi,W 2 ,W 3 + M-% t ) 



X 



I Wj + w 3)t - w 1<r , w 2 , w 3 + u - w 3<t ) _ 



+E 



r,t («-Wi, r )(wi, r -W 3 ,t) 

' Wi, W 2 + W 3 t - Wo s ,W 3 +u- w 3 * 



s,t 



I Wi,W 2 ,W 3 ) = E(^2(«V) - M W 2,si) 



(it - W 3t t)(w 3t t - W 2:S ) 

Wi - W 1:r , W 2 - W 2 , a , W 3 + U) 



(U - «v)(U>l, r - W 2 , s ) 
_ 2 y, I Wj - Wi ir , W 2 - W 2 ,a, w 3 + u) + 

r,sM U ~ W i,r)( w l,r ~ W 2i ?)(w 2 ,? - W 2 , a ) 
+ y, | Wj - Wi, r , W 2 + Wis ~ W2 ' s ~ W2 '^ W3 + ^ 
r,s^s ( u ~ Wl,r) Kr ~ W 2 , fl ) («/i, r - Ufy?) 

Jo(u) I wi, w 2 , w 3 ) = t(u) I Wi, w 2 , w 3 ) - 



1 



-E(AiH - E — + E E- 

' Wi, W 2 ,W 3 ) 



X- 



U — Wi , 



-E(a 2 («) + E 



E- 



-E- 



, '• r W2,s - Wi,r s^ S W 2yS ~ ^2,s t ^2,s ~ W 3 ,t 

' Wi,W 2 , W 3 ) 



X- 



u - W 2;S 



-E(As(«)-E E E — - — ) 

| Wi, w 2 ,w 3 ) 



+E 

r,t 



+ 

M - W3,t 

Wj + W 3 ,f - Wis, w 2 , w 3 + wis - w u) 
(u - wis)(u - w 3;t ) 
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7 + (w) I wi, w 2 , w 3 ) = -E (a 2 («) - A 2 (w 2>s )) 



Wi - W hr , W 2 - W 2 , s , W 3 + Wi t r) 



+2E 



(U - Wl, r )(ll - W 2 ,s) 
Wi - Wi jf ., W 2 - W 2 , s , W 3 + Wi jf .) 



. s ^r (m - wi, r ) (m - w 2 ,s) (w 2t s - w 2 , s ) ' 

In these formulas we use for simplicity A 3 (w) = Ai (it) + X 2 (u). 

Now we are able to construct the eigenvectors and calculate the eigenvalues. We define 
a linear operator P by 

P | 0, w 2 , w 3 ) = P | wi, 0, w 3 ) = , 

p, w w w \_ v |wi- ^ r) w 2 -w 2iS) w 3 + ^> 
f I Wi, w 2 , w 3 ; — 2^ 

r,s 

and a vector 



W 2 ,s - W^ r 



oo pn 

I wi, w 2 ) = E — r I w i> w 2> °) 

n=0 n\ 

for any wi and w 2 . We show by the fulfilment of Bethe Ansatz equations for Xi(wi jr ) and 
A 2 (w 2 , s ) that | wi, w 2 ) is the eigenvector of I{u) for any u. So we can formulate our main 
theorem. 

Theorem. 

If the Bethe Ansatz conditions: for any r 

AiKr) - E — - — + E — = o (9) 

and for any s 

a 2 K s ) + E — E — - — = o (io) 

are fulfilled then the vector 

oo pn 

I wi, w 2 ) = E — r I w i> w 2> o) 

n=o n\ 

is the eigenvector of the sl(3) Gaudin model and 

I(u) | wi,w 2 ) = t(u; wi, w 2 ) | Wi,w 2 ) , 

where 

r(u; wi,w 2 ) = t(u) - E(Ai(m) - E + E 



-E (a 2 («) + E E — ) - JL - 

s V r W 2iS - W ljT s^ S W 2 , s ~ W 2 ^/ U - W 2jS 



(11) 



Proof: For |wi,w 2 ) to be the eigenvector of I(u) with eigenvalue t(m;wi,w 2 ), there 
should be 

h(u) | Wi,w 2 ) = I 2 (u) | Wi,w 2 ) = I 3 (u) | Wi,w 2 ) = (12) 
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and 

I (u) I wi, w 2 ) = t(u; wi, w 2 ) | wi, w 2 ) . (13) 

In the following Lemma 1 we show h(u) |wi,W2) = in detail. Since the proof of the 
relations I 2 {u) | w l5 w 2 ) = Iz{u) \ W\, w 2 ) = is very similar, we will skip it. The proof of 
Iq(u) I wi, w 2 ) = t(u; Wi, w 2 ) | wi, w 2 ) will be given in Lemma 2. 

Lemma 1. 

If jPJ) is valid, then h(u) | Wi, w 2 ) = 0. 
Proof: It is easy to see that 

I{(u) | wi,w 2 ,0) = 0. 
For any n > we would like to have 

(^J 1 -(u)P n+1 + i?(u)P n ) |wi,w 2 ,0) = 

valid. 

For n = we have 

tf(u) | wi, w 2 ,0) = 

1 \ | Wi + U — 1Ol, ri ,W2,0) 



= E (AiKn)- E + E- 

ri V ra^r^Ln - Wl,r? si w l,r 1 ~ W 2 ^/ U ~ W 1>ri 

\w 1 + u- w hri , w 2 + w 1<ri - w 2 , Sl , 0) 
n,si (u - w hri )(w hri - w 2jS1 ) 

Wi + U- Wi >ri , W 2 + Wx >ri - w 2 , Sl , 0) 



h (u)P | wi,w 2 ,0) = - E , . 

For 

(lf(w)P + J?(«)) |wi,w 2 ,0) = 
to be valid we obtain condition (jUj) for any r 

AiK) - E — - — + E — = o . 

Here is the origin of the first Bethe Ansatz equation. The second Bethe Ansatz equation 
arises in the same manner from the equation I 2 {u) | w 1; w 2 ) = 0. 

In order to simplify the notation, we denote by R n the ordered set of numbers r 1; . . . , 
r n where rj ^ and similarly S n . So we can write 

pre I n\ - V I W l Z ~ • • • ~ w 2 ~ W 2>ai ~ ... ~ W 2 , Sn ,W liri + ...+ Wi, r J 

r Wi,W2,U/ 2_/ / \ / \ 

R n ,S n [W 2 , S1 - W hri ) . . . [W %Sn - W hr J 

where the summation is over all sets R n and S n . We will abbreviate it as 

P |wi,w 2 ,0)= )^ — , where W n = [[ (w 2 ,, k -w 1>rk ) . 

R n ,S„ W n k=l 
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So we have 
/ 1 °(«)P"|w 1 ,w 2 ,0) 



1 



E E (Ai(«w)- E + E — 

r n + 2^ r n + l 

_ A 1 \ | wi + u - w ltRn - wi, r „ +1 , w 2 - w 2 , Sn ,w liRn ) 

k=lWl,r n+1 ~ W 1}r J (U - W hrn+1 )W n 

Wi + W - Wi iRn - Wl, r „ +1 , W 2 + Wl, rn+1 - W 2 ,S n - U>2, 8n+ i,U>l,fl„) 



- E E 



- E E E ■ Wl + - - Wl,Rn - Wl,rn+1,W2 - W2 ^ Wl ^ ~ + Wi ^+i) 

Rn,S n r n+1 £R n k=l (« - W 1)rk ){w ltrk ~ «V n+1 )W n 

If we substitute Xi(wi )rn+1 ) from (jHJ) into the above formula , we can adjust it to the form 
J 1 °HP n |w 1 ,w 2 ,0) = 

E E E' ' ' 



Rn,S n r n+1 <£R n k=l VMj l,r„+i ~ ™l,r k w l,r n+1 ~ W 2 , Sk - 

Wx+U- W hRn - W hTn+1 , W 2 - W 2 , Sn , W ljRn ) 



X- 



(u - w 1)rn+1 )W n 

_ ^ | w l + u ~ »«l,fi„ ~ Wl, r , 1+1 ,W 2 + Wi, rw+1 - W 2 , Sn ~ W 2 ,s n+1 ,W liRn ) 

- E E E ■ Wl + u - Wl,Rn - Wl ' rn+1,W2 - W2 > s ^ Wl ^ ~ Wl > r * + !fV^±i) 

R»,S n r n+1 ^R n k=l {U - W hrh ){w X>rk - W l>rn+1 )W n 

£ (W 2 ,s k ~ W2,r fc ) | Wi + U - Wl,R n+1 , W 2 - W 2>Sn , W 1<Rn+1 - Wi, r „ +1 ) 

k=l ~ Wl,r n+1 )(Wx, rn+1 ~ W ljrk )(w 2 , Sk ~ W^ rn+1 )W n 

Wx + U- Wx >Rn - Wx,r n+1 , W 2 + Wi, r „ +1 - W 2>Sn ~ ^2,s n+1 , W ljRn ) 



E 



„+i w 2,s„ + i 



-EE 



Wi + U - Wx >Rn+1 ,W 2 - W 2iSn , W 1An+1 - Wx, n ) 



R n+1 ,S n k=l ( U - W l,r k ){Wl,r k - Wx, rn+1 )W n 

Since in the third element we sum over all possible combinations n + 1 of the different 
elements r,, we can change in the sum r k by r n+1 and write the third element as 

A^ (w 2 , 8fc -Wl, r J |wi+^-Wi |jRn+1 ,W2-W2,S„,Wl,fl„ + i ~ Wl,r„+l) 
ftvH ,S» fc=l ( U - W l,r n+1 ) (Wi, rn+1 - Wx,r k ) (w 2 , Sfe - Wl, rn+1 ) W n 

which cancels the first element. So we obtain 

7?(«)p»|w 1 ,w 2 ,o>= e l Wi + u -^» W2 + w y^-^' Wi ^>. 

On the other hand, we have 

/r(«)P n+1 |wi,w 2 ,o) = 

Wi + U - Wx >Rn+1 , W 2 + Wx,r k ~ W 2:Sn+1 , W liRn+1 - W 1>rk ) 



n+l 

- E E - 

R n+ i,S n+1 k=l ( u ~ w l,r k 

)W n+l 



Again we sum over all possible combinations n + 1 of the different elements r i} we can 
change in the sum by r n+1 and we obtain 

/ 1 -»p n + i lw 1J w 2 ,o) = 

y I W! + n - Wi, fln+1 , W 2 + W 1|t . n+1 - W 2 , Sn+1 ,W liRn+1 - W lt r n+1 ) = 

Rn+l^n+i k=l (U - W 1<rn+1 )W n+1 

= -( n + l) V | w i + M ~ Wl,fln + i ; W 2 + W Wi ~ W2,S n+1 , Wl,R n ) _ 
R n+ i,S n+1 (U - W hrn+l )W n+l 

= -(n + l)/ 1 °(M)P n |w 1 ,w 2 ,0) . 
Lemma 2. 

If (0) and / fT0j) is valid, then Io(u) | w 1; w 2 ) = r(u; w 1; w 2 ) | Wi, w 2 ). 
Proof: It is easy to see that 

Iq(u) I wi, w 2 , 0) = t(u] wi, w 2 ) | wi, w 2 , 0) , 



where r(w;wi,w 2 ) is given in ffTTj) . 

Now we would like to prove for n > 1 that 

(i (Jj(«) - r( M ; w l5 w 2 ))P" + ^ Jo+MP"" 1 ) I wi, w 2 , 0) = . 

If we start with the above expressions we obtain 

wi - w ljRn , w 2 - w 2 , Sn , w liRn ) 



(u - w ljr J(u - w 2 , Sn )W n - 1 



/ + ( M )P"- 1 |wi,w 2 ,o) = - e (a 2 H-a 2 k s , 

+ 2 y [Wi ~ Wi |flw ,W 2 ~ W 2 , Sn ,W lyRn ) 

Rn,S n+1 (« - «V n )(u - W 2jS „ +1 )(«; 2iS 

n+ i w 2,n 



Wi - lWi jBn , w 2 - w 2 ,s n ,wi tRn ) 



iS(«)P»|w ll w ai 0> = r(ti) E (r 

fin 5 *$Vj. ^ 



2 _ 1 



E (Ai(«)- E + E 



_ A 1 \ I Wi - Wi |fln , w 2 - w 2 , Sn ,w liRn ) 

k =lWl,r n +i ~ Wl,r h ' - «Vn+i)Wn 

E (**(«) + E E 

Wi - W 1<Rn , W 2 - w 2tSn , W 1>Rn ) 



-E- 

fc =i w 2iSn+1 - u)i jrfc / (« - w 2tSn+1 )W n 

n / 1 1 
- E E (a 3 (u) - E E 

2 \ | Wi - W 1)Rn , W 2 - W 2)Sn , U>i )Rn ) 



£=i IWi ^ - W l rt J (u- W 1>rh )W n 

+ y A | W l ~ Wi |jRw+1 + Wl,r t ,W 2 ~ W 2 , Sn ,W ltRn+l ~ W hrk ) 
R n+ uS n fc=l (« - Wi >rn+1 )(« - %, r J^n 
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First we arrange the second, third and fourth elements in the expression for 1$ (u)~P n \w 1 ,w 2 , 
and then change r k by r n+1 . So we obtain 



iS(«)P»|w 1> w 2> 0>=r(«) E \^- w ^'W 2 , Sn , Wl , Rn ) 

E (ai(«)- E +E 



2 „ 1 \ 

X 



iJn+l,<S« r„ +2 ^r„ + i u, l,r„+i " U, l,r n+2 s„ + i !i, l,r„ + i w 2,s n +i ' 

' Wl ~ Wl^ , W 2 - W 2;5ra , Wi, Rn ) 

(u-wi.m+JWn 

- E (a 2 («)+E z E = x 

| Wi - Wi A , W 2 - W 2 „S n , Wl,fl ra ) 
(«- ^2, Sn+1 )W n 

2 \|w 1 -wi ;fln ,w 2 -w 2iSn ,wi !fin ) 



- E Ei 

R n ,S n+1 fe=A^2, S „ +1 - W 2>Sfe «; 2iSn+1 - W 1;rk J [U - W 2 , Sn+1 )W n 

-E £(as(«)- E E )x 

K„,S„ fe=l V r n+ i^r k W l,r k ~ Wl, n + l 

x | wi - w ljRn , w 2 - w 2iSn , w^, ) 

+ y A (W 2 ,s fc ~ Wi, r J I Wi - Wl,R n ,W 2 - W 2)Sn ,W hRn ) = 
R n+1 ,S n k=l (U - W ljrn+1 )(u - W lt r k )(w 2 ,s k ~ U>l,r„+i)Wn 

i \ sr \ w i-wi, Rn ,w 2 -w 2}Sn ,w 1}Rn ) 

n u ) E 777 



E (Ai(«)- E +E )x 



X 



i+2^r„+i w l,r„+i " u, l,r n+2 s„ + i ffl l,r„ + i w 2,s n+ i 
Wi - lUi.fl,,, W 2 - w 2)Sn , w hRn 



(U - W hrn+1 )W n 



E (a 2 («)+E E 



X- 



-Rn,5 n +i V r n+ i W2,s n+ i w l,r„ +1 s„+2^s n +l W 2,s„ + i W 2,s„ +2 

| Wi - W hRn , W 2 - W 2)Sn ,Wi )Rn ) 

(u - w 2>Sn+1 )W n 
n / 1 1 
-EE (AsH - E E 

Rn,S n k=l^ r n+1 ^r k Wl : r k - W 1:rn+1 s n+1 ^s k «V fc ~ W 2ySn+l 

x I W l ~ W l,Rn 1 W 2 - W 2 , Sn , W ljRn ) 

(ti - Wi trk )W n 

+ ^ A^ (w 2ySk - Wl.rJ |W1 -Wl,ft > ,W 2 -^, Sn ,«)i A ) 
i? n+1 ,5 n fc=l(« - Wl,rJ(Wi, rfc - Wi irn+1 )(^ 2jSfc - W hrn+1 )W n 
_ 2 A ( W 2,s k - W 2 ,rJ I Wl - ^l A ,W 2 - W 2; g n ,Wi, Rn ) 

k=l(u ~ W 2iSn+1 )(w 2tSn+1 - W 2iSk )(w 2jSn+1 - W ljTk )W n 

_ J2 V ( W2 '^ ~ Wl ' T ^ I Wl ~ W l,fin) W 2 - W 2 ,g n , Wl,fl n ) 

Rn , Sn M =i (« - ^l,rj(^l,r fc - W 2 , s J(Wi, rfc - Wl, r JW n 



-x 



x 
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Hence, we get 

(i5(u)-T(u;wi,w 2 ))p n |wi,w 2 ,0) = 

n / 9 1 \ 

= E E(ai(«)- E +E )x 

^ | Wi - Wi [fln , W 2 - W 2 , Sn , Wl,R n ) 
(li - «V fc )W n 



+ E E (a 2 («) + E E 



■X 



| Wi - Wi, Rn ,W 2 - W 2 ,g n ,Wl„R n ) 

(w-w 2)S jW n 

-E £(A3(«)- E E )x 

; Jwi-Wi [fln ,w 2 -^ A ,^i,J 

+ y ( W2 > Sk ~ I Wl ~ W2 ~ w ^s n ,w hRn ) 

R n+1 ,S n k=l(u - W hrk )(w 1:rk - W l , rn+1 ){w 2 , Sk - W ltTn+1 )W n 

_ 2 y A (w 2 ,5 fc - ^2,r fc ) | wi - w hRn , w 2 - w 2 , Sn , w hRn ) 

R„,5 n+1 k=l(u - W 2 , Sn+1 )(w 2 ,s n+1 - W 2 , Sk )(w 2tSn+1 - W hrk )W n 
_ y y (W 2 ,„ - W hrt ) | Wi - Wi ifln , W 2 - W 2 , Sn ,W 1 , Rn ) 
R n ,S n M=i (« - Wl,rJ(«'l ) r Jk - ^2,J(«V fc - Wi, r JW n 

In the same way after reordering we can write 

\ (/ » - r(u; w 1? w 2 ))P" | w 1} w 2 , 0) = 

= E (ai(«)- E - +E r ) 

^l,r„ - W 2 , 

Sn + l 

^ | Wi - W hRn ,W 2 - W 2 ,5„, 
(li - W 1>rn )W n 

+ E (a 2 («) + E r E r 

w 2,s n — w l,r n+1 s n+1 ^s n W 2,s n ~ w 2,s n+ i 
Wi - W hRn ,W 2 - W 2 ,S n ,Wl,Rn) 



X 



X 



X ■ 



(u - w 2:Sn )W n 

- E (As(«) - E r E r 

r-n + l s n + i 

^ | wi - w hRn ,w 2 - w 2 , Sn ,w hRn ) 

(U - W 1:rn )W n 

Wi - w hRn , W 2 - w 2 , Sn ,w liRa ) 



+ E 

Rn + i,5„(w - «VJ(«V n - Wl,r„ +1 )(t«2, S „ - Wl,r„ +1 )^n-l 

_ 2 y I Wi - W hRn ,W 2 - W 2 ,g n ,Wl,R n ) 

Rn,S n+1 (U ~ W 2ySn+1 ){w 2tSn+1 - W 2:Sn )(w 2:Sn+1 - W ltrn )W n . 
_ y n y (w2,s e ~ Wl,r<) | W t - W 1>Rn ,W 2 - W 2> s n ,W ljRn } 

Rn , Sn 1=1 (U - W hrn )(w hrn - W 2)Sl )(w^ rn - W l>n )W n 
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If we now use the fact A 3 (w) = Ai(-u) + A 2 (-u), we get after an arrangement 
(± (I° (u) - r(«; wi, w 2 ))P" + I+WP"- 1 ) | Wl , w 2 , 0) = 



E (a 2 K s J+ E 



- E 



1 



Rn , 5" 



r„ + i#r„^l,r n ~ Wl,r n+1 a n+ iWl,r„ - "U; 2 , Sn+1 

wi - w ltRn ,w 2 - w 2 , Sn ,w hRn ) 



X 



(u - u)i jr „)W n 

+ E (A2KJ+E1 ^ E 



+1 W 2 ,s n -Wl,r n+1 Sn+1 ^s n W 2 , 
Wi - Wi (Bb , w 2 - W 2)Sn , ^l,i?„ ) 



iy 2 . 



X 



1 



E 



EE- 

I wi - w ltRn ,w 2 - w 2}Sn ,w hRn ) 



X 



+ E 



U - Wl,r n )W n 
wi - w hRn , w 2 - W 2jSn , Wl,il n ) 



^S„(« - «VJ(«V„ - ^l,r n+1 )(w 2 , Sn - W lM )W n -l 

+2 y |W1 ~ W ltRn ,W 2 -W 2 , Sn ,Wi tRn ) 

Rn,S n+1 (U - Wi, rn ){Wi >rn - W 2iSn+1 )(l0 2>Sn+1 - W 2ySn )W n ^ 
_ y n y (w2,s e - Wl,rJ I Wl ~ ™l,R n , W 2 - W 2 ,S„ , Wl.Q 
K n ,S n <=1 - «ii, r „)(Wl,r B - W 2tSi )(wx, rn - Wi, u )W n 

We now introduce X 2 (w 2>Sn ) from ffTUj) in the above expression and obtain 
(i - r(u; w x , w a ))P n + /o^jP-j | w 1; w 2 , 0) = 



- E 

Rn 1 S n 



E 



1 



1 



+ E ( ? 

wi - w 1)Rn ,w 2 - w 2)Sn ,w ltRn ) 



wi - w 1>Rn , w 2 - w 2i5n , W ljRn ) 

(U - Wi >rn )W n 



+ E ■ ■ — — 

+ 2 y |Wl -W hRn ,W 2 - W 2>Sn ,W ltRn ) 

Rn,S n+1 (U - U)l,rJKr B - W 2>Sn+1 )(w 2>Sn+1 - W 2iSn )W n ^ 

- E E (W2 



Wl,r J I Wi - lWi )flB , W 2 - W 2iSn , l0 liJJn ) 



Rn , Sn k=l {U - Wl,r„)(wi, rn - W 2)S JOl, rn - ^l.rJV^ 
_ y y I Wi - W hRn , W 2 - W 2tSn , W liRn ) 

+ y I Wi - W 2 - W 2jSn , W ltRn ) + 

R n+ l,S n ( U ~ Wl,rJ(^l,r„ - Wl,r„ +1 )(^2, Sn ~ Wl,r n+ i)Wn-l 



+2 E E 



Wi - w 1>Rn , w 2 - u? 2>Sn , w hRn ) 



— ^2,s n+ i — ^2,s n+ i )W„-i 

|wi - W 1>Rn ,W 2 - W 2iSn ,Wl,R n ) 



+2 E ■ — — 

R„,S n+ i \ u ^l,r n n+ i — W2,s n )^n-1 



E E (t " 2 



Wl,r fc ) I Wi - W ltRn ,W 2 - W 2jSn ,W 1>Rn ) 



Rn , Sn k=l - «VJ(wi, rn - tW 2 , a J(«;i,r„ - Wl,r h )W n 
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It can be rewritten in the form 

(± (J V) - t(u; w 1; w 2 )) P" + U(u)P n -^ | w l5 w 2 , 0) = 

n-1, 1 

= - E E( + 

2 

(w 2 , Sn - W 2> s k )(w 2 , Sh - W ltrn )(w 2>Sk - W lt r h ) 

1 ) x 

(Wl,r n ~ Wi >rk )(w 2iSh - W 1>rn )(w 2tSn - ltf 1>r J / 

X — ^ — I Wi - Wl,iJ n , W 2 - W 2 , Sn , Wa,ji n ) . 

Now we see that the elements in the bracket are antisymmetric under the change of s& by 
s n and the second term is symmetric. So we have 

(i(/ » - t(u; Wl , w 2 ))P n + /J-^P"- 1 ) | wi, w 2 , 0) = . 

4 Concluding remarks and open problems 

In the present paper we have proposed the new formula for the eigenvectors of the Gaudin 
model obtained by using the Bethe ansatz method in the sl(3) case. 

In the the sl(3) case we can use the formula (|2J) for these eigenvectors from the paper [7]. 
The first interesting problem is to find an explicit connection. We were able to reduce 
one to the other only in some simple examples such as: 

1^1,1,^2,1) = (Fi(w lA )F 2 (w 2il ) + JM™lAj\ I o) 
V 11)1,1-11)1,1' 

and 

I w 1;i ,w 1;2 , w 2il ,w 2>2 ) = (Fi(w 1; i)Fi(w 1>2 )F 2 (w 2i1 )F 2 (w 2;2 )+ 

F^w^F^w^F^w^) F 1 (w 1)1 )F 2 (w 2j2 )F 3 (wi >2 ) 



W 2 ,2 — Wl,2 W2,l — Wl,2 

| -^1(^1,2)^2(^2,1)^3(^1,1) Fi{wx t2 )F 2 {w 2j2 )F^{wi >x ) 



11)2,2 - 1Dl,l H)2,l - 1Dl,l 

| F 3 (w li i)F 3 (w 1> 2) + ^3(^1,1)^3(^1,2) \ J ^ 

(w 2>2 - Wi, 2 )(w 2i i - u>i,i) (w 2 ,i - n)i :2 )(w 2j2 - w 1A )J 

but we believe that it is possible generally. We studied the case of the algebra si (3) 
explicitly. We believe that similar formulas are possible for the general semisimple Lie 
algebra. Some calculation for the B 2 algebra is in progress. So the second open problem 
is to generalize our method to other Lie algebras. 

All proofs in the presented paper are direct calculations. So the last problem is to find 
some indirect proof which can be useful in the general case. 
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